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CREATIVE GEOMETRY
ALEXANDER SKUTIN
1. Introduction
This work is a continuation of [1]. As in the previous article, here we will describe some
interesting ideas and a lot of new theorems in plane geometry related to them.
2. Deformation of equilateral triangle
2.1. Deformation principle for equilateral triangle. If some triangle points lie on
a circle (line) or are equivalent in the case of an equilateral triangle, then in the general
case of an arbitrary triangle they are connected by some natural relations. Thus, triangle
geometry can be seen as a deformation of the equilateral triangle geometry.
This principle partially describes why there exists so many relations between the Kim-
berling centers Xi. Further we will present several examples of the facts arising from this
principle.
2.2. Fermat points.
Theorem 2.1. Given a triangle ABC with the first Fermat point F . Let A′B′C ′ be the
cevian triangle of F wrt ABC. Let FA be the second Fermat point of B
′C ′F . Similarly
define FB, FC . Let MA be the midpoint of AF . Similarly define MB and MC . Then the
triangles FAFBFC and MAMBMC are perspective.
Theorem 2.2. Given a triangle ABC with the first Fermat point F . Let FA be the second
Fermat point of BCF . Similarly define FB, FC . Let F
∗
A be the second Fermat point of
FBFCF . Similarly define F
∗
B , F
∗
C . Then
(1) FAF
∗
A, FBF
∗
B, FCF
∗
C are concurrent at the first Fermat point F
′ of FAFBFC .
(2) The second Fermat point of FAFBFC lies on (F
∗
AF
∗
BF
∗
C).
(3) Let FAB, FBA, F
′
AB, F
′
BA be the first Fermat points of FFAF
∗
B, FFBF
∗
A, F
′FAF
∗
B,
F ′FBF
∗
A, respectively. Similarly define FBC , FCB , F
′
BC , F
′
CB, FCA, FAC , F
′
CA,
F ′AC . Then FAB, F
′
AC , F
∗
C are collinear and same for other similar triples.
(4) Let FABF
′
AC meet F
′
ABFAC at XA. Similarly define XB, XC . Then XA, XB, XC ,
F , F ′ are collinear.
(5) (Miquel point) Circles (F ∗AXBXC), (F
∗
BXAXC), (F
∗
CXAXB), (F
∗
AF
∗
BF
∗
C) are
concurrent.
Theorem 2.3. Given a triangle ABC with the first Fermat point F1 and the second
Fermat point F2, let A
′B′C ′ be the pedal triangle of F1 wrt ABC. Consider the isogonal
conjugations AB, AC of A
′ wrt AF1B, AF1C, respectively. Let FA be the second Fermat
point of F1ABAC . Similarly define FB, FC . Then F2FAFBFC is cyclic.
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2.3. Nine-point circles.
Theorem 2.4. Consider any triangle ABC with the nine - point center N and centroid G.
Let NA be the nine - point center of BCG. Similarly define NB, NC . Then N coincides
with the centroid of NANBNC . Also G lies on the nine - point circle of NANBNC .
2.4. Tangent circles.
Theorem 2.5. Given a triangle ABC with the orthocenter H. Let the circle ωA is tangent
to AB, AC and is externally tangent to (BHC) at A′. Similarly define B′, C ′, ωB, ωC .
(1) Points A′, B′, C ′, H lie on the same circle.
(2) Let the circle Ω is externally tangent to ωA, ωB, ωC . Then H lies on Ω.
Theorem 2.6. Given a triangle ABC with the incircle ω. Let the circle through B, C is
tangent to ω at TA. Let the circle πA is tangent to ω at TA and passes through A. Let the
circle ψA is tangent to AB, AC and passes through TA. Similarly define πB, πC , ψB, ψC .
(1) There exists a circle which is tangent to πA, πB, πC , (ABC).
(2) There exists a circle which is tangent to ψA, ψB, ψC , ω.
2.5. Isogonal conjugations.
Theorem 2.7. Consider any triangle ABC with the first Fermat point F and let A′B′C ′
be the cevian triangle of F wrt ABC. Let FA be isogonal to F wrt AB
′C ′ and let F ′A be
isogonal to FA wrt ABC. Similarly define F
′
B, F
′
C . Then the points F
′
A, F
′
B, F
′
C form an
equilateral triangle with the center at F .
Theorem 2.8. Consider any triangle ABC with the first Fermat point F and let A′B′C ′
be the cevian triangle of F wrt ABC. Let FA be isogonal to A wrt FB
′C ′ and let F ′A be
isogonal to FA wrt ABC. Let F
∗
A be the reflection of F
′
A wrt BC. Similarly define F
∗
B,
F ∗C . Then F coincides with the first Fermat point of F
∗
AF
∗
BF
∗
C .
Theorem 2.9. Given a triangle ABC with the incenter I and the incircle ω which is tan-
gent to BC, CA, AB at A′, B′, C ′, respectively. Let AB, AC be the isogonal conjugations
of A′ wrt AIB, AIC, respectively. Similarly define BA, BC , CA, CB. Then the midpoints
of ABAC , BABC , CACB lie on ω.
2.6. Three equal circles.
Theorem 2.10. Consider any triangle ABC with the incircle ω. Let A1B1C1 be the
midpoint triangle of ABC and A′, B′, C ′ be the midpoints of smaller arcs BC, CA, AB
of (ABC), respectively. Let ra be the radical line of the circle with diameter A1A
′ and ω.
Similarly define rb, rc. Then the nine - point circle of a triangle formed by ra, rb, rc goes
through the Feuerbach point of ABC.
Theorem 2.11. Consider any triangle ABC with the circumcenter O. Consider three
points Aa, Ba, Ca outside wrt ABC such that BAaC ∼ ACaB ∼ CBaA ∼ BOC. Let AA,
BA, CA be the reflections of Aa, Ba, Ca wrt AO, BO, CO, respectively. Let ΩA be the
circumcircle of AABACA. Similarly define ΩB, ΩC . Then in the case when ΩA, ΩB, ΩC
passes through the same point we will get that they are coaxial.
Remark 2.1. In all theorems from this section consider the case of an equilateral triangle.
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3. Construction of midpoint analog
Definition 3.1. For any pairs of points A, B and C, D denoteM(AB,CD) as the Miquel
point of the complete quadrilateral formed by the four lines AC, AD, BC, BD.
Consider any two segments AB and CD, then the point M(AB,CD) can be seen as
midpoint between the segments AB, CD.
Remark 3.1. In the case when A = B and C = D we will get that the pointM(AB,CD)
is midpoint of AC.
Theorem 3.1. Consider any eight lines lji , where 1 ≤ i ≤ 4, j = 1, 2. Let given that
l1i ‖ l
2
i for any 1 ≤ i ≤ 4. Let M
j be the Miquel point for lj
1
, lj
2
, lj
3
, lj
4
, j = 1, 2. By defin-
ition let P jpq = l
j
p ∩ l
j
q and let Qpq = M(M
1M2, P 1pqP
2
pq). Then the circles (Q12Q23Q31),
(Q12Q24Q41), (Q13Q34Q41), (Q23Q34Q42) passes through the same point.
4. Combination of different facts
Here we will build combinations of some well-known constructions from geometry.
Theorem 4.1 (Pappus and Mixtilinear circles). Given a triangle ABC, let its A –
mixtilinear incircle ωA is tangent to (ABC) at A1 and A – mixtilinear excircle ΩA is
tangent to (ABC) at A2. Similarly define B1, B2, C1, C2 and ωB, ωC , ΩB, ΩC . Let the
radical line of ωA, ωB meet A1B1 at X and the radical line of ΩA, ΩB meet A2B2 at Y .
Let lC be the line through the points A1Y ∩A2X, A1B2∩A2B1 and XB2∩Y B1. Similarly
define lB, lC . Then the triangle formed by the lines lA, lB, lC is perspective to ABC.
Theorem 4.2 (Conics and Japanese theorem). Given a cyclic quadrilateral ABCD.
Let IA, IB, IC , ID be the incenters of DAC, ABC, BCD, CDA, respectively. Con-
sider any point P on (ABCD) and two conics CAC , CBD through ACIBIDP , BDIAICP ,
respectively. Then the conics CAC , CBD meet on (ABCD) at two different points.
Theorem 4.3 (Conics and Japanese theorem 2). Given a cyclic quadrilateral ABCD.
Consider the point E = AC∩BD. Then the incenters of the triangles ABC, BCD, CDA,
DAB, AEB, BEC, CED, DEA lie on the same conic.
4.1. Combinations with radical lines.
Theorem 4.4 (Japanese theorem and radical lines). Given a cyclic quadrilateral
ABCD. Let IA, IB, IC , ID be the incenters of DAC, ABC, BCD, CDA, respectively.
Then the circles with diameters AIA, BIB, CIC, DID have the same radical center.
Theorem 4.5 (Japanese theorem and radical lines 2). Given a cyclic quadrilateral
ABCD. Let IA, IB, IC , ID be the incenters of DAC, ABC, BCD, CDA, respectively.
Define the points AB = AB∩ IAID, AD = AD∩ IAIB. Similarly define BA, BC , CB, CD,
DC , DA. Then the circles (AABAD), (BBABC), (CCBCD), (DDCDA) have the same
radical center.
Theorem 4.6 (Japanese theorem and radical lines 3). Given a cyclic quadrilateral
ABCD. Let IA, IB, IC , ID be the incenters of DAC, ABC, BCD, CDA, respectively.
Define the points AB = AB∩ IAID, AD = AD∩ IAIB. Similarly define BA, BC , CB, CD,
DC , DA. Then the circles (ABCD), (IAIBICID), (ABBACDDC), (ADDABCCB) have
the same radical center.
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Theorem 4.7 (Gauss line theorem and radical lines). Consider any cyclic quadri-
lateral ABCD. Let the circle ωAB is tanget to AC, BD and is internally tangent to the
smaller arc AB of (ABCD). Similarly define ωBC , ωCD, ωDA. Let ra be the radical line
of ωAB, ωDA. Similarly define rb, rc, rd. Then the circumcenter of ABCD lies on the
Gauss line of ra, rb, rc, rd.
Theorem 4.8 (Gauss line theorem and radical lines 2). Consider any six points P1,
P2, . . ., P6 such that P4P5P6 lie on the same line and similarly P1P4P2, P1P5P3, P2P3P6
lie on the same lines. Let M25 be the midpoint of P2P5, similarly define M61, M43.
Let R153 be the radical center of (P1M25M43), (P5M61M43) and (P3M61M25). Similarly
define R142, R236, R456. Then in the case when M61 lies on R456R153 we get that M61 =
R456R153 ∩R142R236 and M25 = R153R142 ∩R236R456.
Theorem 4.9 (Gauss line theorem and radical lines 3). Consider any four points
A, B, C, D. Let AB ∩ CD = E, BC ∩ AD = F and let the perpendicular bisectors of
the segments AC, BD, EF form a triangle PQR. Let LABF be the radical line of (ABF )
and (PQR). Similarly define LCDF , LBCE, LDAE. Consider the Gauss line L of LABF ,
LCDF , LBCE, LDAE. Then in the limiting case when the lines LABF , LCDF , LBCE,
LDAE are concurrent we get that L is parallel to the Gauss line of AB, BC, CD, DA.
Theorem 4.10 (Morley’s theorem and radical lines). Consider any triangle ABC
and its three external Morley’s triangles AABACA, ABBBCB, ACBCCC (see picture below
for more details). Let lA be the radical line of (AAABAC) and (CABABBCC). Similarly
define lB, lC . Then the lines lA, lB, lC form a triangle which is perspective to ABC.
A
B
C
CB
AB
BB
BACA
AA
AC
BCCC
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5. Facts related to the set of confocal conics
For any two conics C1, C2 with same focus F , define LF (C1, C2) as in [1, Definition 13.1].
Theorem 5.1. In a tangential quadrilateral ABCD, let E be the intersection of the
diagonals AC, BD. Let IAB, IBC , ICD, IDA be the incenters of AEB, BEC, CED,
DEA, respectively. Let CAB be a conic with focuses A and B, passing through IAB.
Similarly define the conics CBC , CCD, CDA. Let XAB = LA(CDA, CAB) ∩ LB(CAB , CBC),
similarly define XBC , XCD, XDA. Then the lines AB, CD, XBCXDA are concurrent.
Next fact can be seen also as a fact which is related to [1, Section 6].
Theorem 5.2. Consider any triangle ABC with the orthocenter H. Let HA be the reflec-
tion of H wrt BC. Similarly define HB and HC . Let IAHB be the incenter of a triangle
formed by AC, HBHC and AHB. And let CAHB be a conic with focuses A, HB and which
goes through IAHB . Similarly define the conics CCHB , CAHC , CBHC , CCHA, CBHA. Let A
′
be the second intersection point of LA(CAHB , CAHC ) with (ABC). Similarly define B
′, C ′.
(1) Line LHA(CBHA , CCHA) is tangent to (ABC) at HA.
(2) Lines HAA
′, HBB
′, HCC
′ are concurrent.
C
A
B
H
HB
HA
HC
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6. Fun with triangle centers
In this section we will construct some nice theorems which include some famous triangle
centers. Note that the isogonal conjugation can be considered as a conjugation which is
related to the incenter and the isotomic conjugation can be considered as a conjugation
which is related to the centroid of ABC. Further, it will be useful to use the notation
PGABC for the isotomic conjugation of the point P wrt ABC and P
I
ABC for the isogonal
conjugation of P wrt ABC.
Theorem 6.1. Given a triangle ABC. Let I be the incenter of ABC and G be the centroid
of ABC. Let X = IIGABC ∩GG
I
ABC , then
(1) Points G, I, XIABC , X
G
ABC are collinear.
(2) XGABC coincides with the Spieker center of ABC.
(3) Triangles ABC and XGAGIX
G
BGIX
G
CGI are perspective.
Theorem 6.2. Given a triangle ABC. Let H be the orthocenter of ABC and G be
the centroid of ABC. Let △G be the midpoint triangle of ABC and △H be its orthic
triangle. Consider the point X = HHG△G ∩ GG
I
△H
. Then the point XG△G coincides with
the circumcenter of ABC.
Theorem 6.3. Given a triangle ABC. Let I be the incenter of ABC and G be the centroid
of ABC. Let △G be the midpoint triangle of ABC and △I be the cevian triangle of I wrt
ABC. Consider the point X = IIG△G ∩GG
I
△I
. Then |XG| = 1
3
|XGI△I |.
7. Orthogonal facts from orthogonal constructions
Consider any situation which is related to some orthogonal objects (name such situation
as ”Orthogonal”). Then one can try to add some more orthogonal objects to this situation
and try to find relations between them. In the next examples we will add orthogonal
hyperbolas to some well-known orthogonal situations.
Theorem 7.1 (Two orthogonal circles). Consider any two orthogonal circles ω1 and
ω2 with centers O1, O2, respectively. Let the external common tangent to ω1 and ω2 is
tangent to ωi at Xi. Let O1X2 intersects ω2 second time at Y1, similarly define Y2 on ω1.
Consider an orthogonal hyperbola H through X1X2Y1Y2. Let the line X1O1 meet H second
time at Z1. Similarly define Z2. Then
|X1O1|
|O1Z1|
= |X2O2||O2Z2| .
Theorem 7.2 (Three orthogonal circles). Consider any three pairwise orthogonal
circles ω1, ω2, ω3 with centers O1, O2, O3, respectively. Let A1, A
′
1 be two intersection
points of ω2, ω3. Similarly define A2, A
′
2, A3, A
′
3. Consider an orthogonal hyperbola H1
through A2A
′
2A3A
′
3. Similarly define H2 and H3. Let B1, B
′
1 be two intersection points of
H2 and H3 different from A1, A
′
1
. Similarly define B2, B
′
2
, B3, B
′
3
. Then
(1) Lines A1A
′
1
, B2B
′
2
, B3B
′
3
are concurrent.
(2) Points B1, B
′
1
, B2, B
′
2
, B3, B
′
3
lie on the same circle.
(3) Lines B1B
′
1
and A1A
′
1
are orthogonal.
Theorem 7.3 (Orthocenter construction). Consider any triangle with the orthocenter
H and altitudes AA′, BB′, CC ′. Let HA be an orthogonal hyperbola through AHB
′C ′.
Similarly define HB, HC . Let A1B1C1 be the midpoint triangle of ABC. Then the lines
A1B1, B1C1, C1A1 pass through some intersection points of HA, HB, HC .
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Theorem 7.4 (Perpendiculars through the orthocenter). Consider any triangle
with the orthocenter H and let P be any point on the plane. Let ℓ1, ℓ2 be two perpendicular
lines through H. Consider the intersection points A1, B1, C1 of ℓ1 with BC, CA, AB,
respectively. Similarly define A2, B2, C2. Let HA be an orthogonal hyperbola through
A1A2HP . Similarly define HB, HC . Then HA, HB, HC intersect at four different points.
Theorem 7.5 (Two parabolas with orthogonal directrices). Consider any two para-
bolas P1, P2 with orthogonal directrices d1, d2, respectively. Let F1, F2 be the focuses of
P1, P2, respectively. Consider the four intersection points A, B, C, D of P1, P2. Let H be
an orthogonal hyperbola through ABCD. Let Pi be a pole of di wrt H. Then P1P2 ⊥ F1F2.
Theorem 7.6 (Square). Consider a square ABCD and any point P inside it. Let l1,
l2 be two orthogonal lines through P . Let X = AB ∩ l1, Y = CD ∩ l1, Z = AD ∩ l2,
T = BC ∩ l2. Consider an orthogonal hyperbola HPAXZ through PAXZ, similarly define
HPCY T . Then the internal angle bisector of ∠XPZ passes through the intersection point
of HPAXZ and HPCY T different from P .
8. Combination of several ideas
The next fact shows how it is possible to combine the following three ideas :
(1) Combination of Gauss line theorem with radical lines.
(2) Midpoint analog.
(3) Blow-ups with circles.
Theorem 8.1. Consider any six circles ω1, ω2, . . ., ω6. And let Oi be the center of ωi.
Let given that ω4, ω5, ω6 share the same two external tangents. Also let given a similar
property for triples of circles ω1, ω4, ω2; ω1, ω5, ω3 and ω2, ω3, ω6. Let T
1
1 , T
2
1 be the
common external tangents to ω1, ω2 and L
1
1, L
2
1 be the common external tangents to ω1,
ω3. Consider X1 = T
1
1
∩ L1
1
and Y1 = T
2
1
∩ L2
1
. Similarly define Xi, Yi (see picture below
for more details). Let M25 = M(X2Y2,X5Y5), similarly define M61, M43 (see definition
of M in Section 3). Let R153 be the radical center of (O1M25M43), (O5M61M43) and
(O3M61M25). Similarly define R142, R236, R456. Then in the case when M61 lies on
R456R153, we get that M61 = R456R153 ∩R142R236 and M25 = R153R142 ∩R236R456.
O1
O4
O5
O2 O3 O6
X1 Y1
X4
Y4
X5
Y5
X2
Y2
X3
Y3
X6
Y6
The next fact shows how it is possible to combine the following three ideas :
(1) Deformation of equilateral triangle.
(2) Midpoint analog.
(3) Combination of Morley’s theorem with radical lines.
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Theorem 8.2. Consider any triangle ABC and its internal and external Morley’s tri-
angles A1B1C1, A2B2C2, respectively (see picture below for more details). Let MA =
M(B1B2, C1C2) (see definition of M in Section 3). Similarly define MB, MC . Let
RA be the radical line of (B2C2MA) and (A2MBMC). Similarly define RB, RC . Let
QA = B1C1 ∩ RA, similarly define QB, QC . Then the triangles A1B1C1 and QAQBQC
are perspective at a point on (A1B1C1).
C
A
B1
B
A1
C1
B2
A2
C2
QC
QA
QB
Remark 8.1. In the previous theorem, consider the case of an equilateral triangle.
9. Some new line and its properties
9.1. Construction. Consider any two (oriented) segments A1A2 and B1B2, let the circle
ωA is tangent to A1A2, B1A1 and A2B2. Also let the circle ωB is tangent to A1B1, B1B2,
B2A2. Consider the radical line RA1A2,B1B2 of ωA, ωB. Next we will introduce some
nice-looking situations with different pairs of (oriented) segments iα, jα and lines Riα,jα .
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Theorem 9.1. Given a triangle ABC with the circumcircle (ABC). Let AA′, BB′, CC ′
be the diameters of (ABC). Then the lines RAC′,A′B, RCB′,A′B, RAC′,B′C are concurrent.
C
A
B
A′
B′
C′
Theorem 9.2. Consider any triangle ABC. Let the incircle of ABC is tangent to its
sides at A′, B′, C ′. Then the lines RAB′,BA′ , RAC′,CA′, RBC′,CB′ are concurrent.
Theorem 9.3. Consider any two segments PP ′, QQ′ and let X = PQ′ ∩ P ′Q. Consider
the case when X lies on RPP ′,QQ′. Let Y be any other point on RPP ′,QQ′ and R
′ =
PY ∩ P ′Q′, R = P ′Y ∩ PQ. Then RPP ′,QQ′ = RPP ′,RR′ .
Theorem 9.4. Given a cyclic quadrilateral ABCD. Let WAB, WBC , WCD, WDA be
the midpoints of smaller arcs AB, BC, CD, DA of (ABCD). Then the circumcenter of
ABCD, point RAB,CD ∩RBC,DA and the point WABWCD ∩WBCWDA are collinear.
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10. On the symmedian points in the incircle construction
The main idea of this section is to construct a lot of nice facts which include the incenter
and the symmedian points.
Theorem 10.1. Given a triangle ABC with the incenter I and let SA, SB, SC be the
symmedian points of BCI, CAI, ABI, respectively. Let the lines AI, BI, CI meet the
sides of SASBSC at A
′, B′, C ′, respectively. Then SAA
′, SBB
′, SCC
′ are concurrent on
SI where S is the symmedian point of ABC.
Theorem 10.2. Given a triangle ABC with the incenter I. Let A′B′C ′ be the circum-
cevian triangle of I wrt ABC. Let SAB, SAC be the symmedian points of A
′IB, A′IC,
respectively. Let lA be the A
′ – median of A′SABSAC , similarly define lB, lC . Then lA,
lB, lC are concurrent.
Theorem 10.3. Consider any triangle ABC with the incenter I and let A′B′C ′ be the
cevian triangle of I wrt ABC.
(1) Let the line ℓA goes through the symmedian points of AA
′B and AA′C. Similarly
define ℓB, ℓC . Then ℓA, ℓB, ℓC form a triangle which is perspective to ABC.
(2) Let the line µA goes through the symmedian points of IA
′B and IA′C. Similarly
define µB, µC . Then µA, µB, µC form a triangle which is perspective to XY Z,
where X, Y , Z are the midpoints of IA, IB, IC, respectively.
Theorem 10.4. Consider any triangle ABC with the incenter I and let A′B′C ′ be the
circumcevian triangle of I wrt ABC. Let B′C ′ meet AB and AC at AB, AC , respectively.
Similarly define BA, BC , CA, CB.
(1) Let SA be the symmedian point of IB
CCB. Similarly define SB, SC . Then
SASBSC is perspective to both ABC and A
′B′C ′.
(2) Consider the intersection point PA of (ABC), (A′BCCB) different from A′. Let
ℓA be the line through the symmedian points of A
′BCCB, PABCCB. Similarly
define ℓB, ℓC . Then ℓA, ℓB, ℓC form a triangle which is perspective to ABC.
(3) Let ηA be the line through the symmedian points of A
′PABC, A′PACB. Similarly
define ηB, ηC . Then ηA, ηB, ηC form a triangle which is perspective to ABC.
Theorem 10.5. Let I be the incenter of ABC. Let the perpendicular line to AI through
I intersect AB, AC at AB, AC , respectively. Similarly define BA, BC , CA, CB.
(1) Let the line LA goes through the symmedian points of ACABA, AABAC . Similarly
define LB, LC . Then LA, LB, LC are concurrent.
(2) Let SA and S
′
A be the symmedian points of ICBBC and ACABA, respectively.
Similarly define SB, SC , S
′
B, S
′
C . Then the perpendiculars from SA, SB, SC to
S′BS
′
C , S
′
AS
′
C , S
′
AS
′
B are concurrent.
Theorem 10.6. Given a triangle ABC and let I, IA, IB, IC be the incenter and A,
B, C – excenters of ABC, respectively. Consider any point P and let SPXY be the
symmedian point of PXY , for arbitrary points X, Y . Then the triangles SPIASPIBSPIC
and SPIIASPIIBSPIIC are perspective.
Theorem 10.7 (Quadrilateral version). Consider any tangental quadrilateral ABCD
which has circumcircle ω. Let P = AC ∩BD and IAB, IBC , ICD, IDA be the incenters of
PAB, PBC, PCD, PDA. Let ℓA be the line through the symmedian points of AIABIDA,
AICDIBC . Similarly define ℓB, ℓC , ℓD. Then P , ℓA ∩ ℓC , ℓB ∩ ℓD are collinear.
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11. Orthocenter, Circumcenter and Isogonal conjugate points
It is well-known that the orthocenter is isogonal conjugated to the circumcenter of a
triangle. Here we will introduce more sophisticated facts which are related to the ortho-
center – circumcenter pair and to the isogonal conjugation.
Theorem 11.1. Given a triangle ABC with the orthocenter H and the circumcenter O.
Let P , Q be some isogonal conjugated points wrt ABC. Let HA, HB, HC be the isogonal
conjugations of H wrt BCP , ACP , ABP , respectively. Let OA, OB, OC be the isogonal
conjugations of O wrt BCQ, ACQ, ABQ, respectively. Then the circles (HAHBHC),
(OAOBOC) have the same radiuses.
Theorem 11.2. Consider any triangle ABC with the orthocenter H and the circumcenter
O. Let C be the conic with focuses H, O and which is tangent to the sides of ABC. Let
the perpendicular bisector of OH meet C at X, Y . Consider the isogonal conjugations X ′,
Y ′ of X, Y wrt ABC, respectively. Then
(1) The lines XY ′, X ′Y meet on (ABC).
(2) XY ‖ X ′Y ′
Definition 11.1. For any two segments AB, CD, let KH(AB,CD) be the Kantor -
Hervey point of the complete quadrilateral formed by the lines AC, AD, BC, BD.
Theorem 11.3. Consider any quadrilateral ABCD and let E = AD∩BC, F = AB∩CD.
Consider a conic C with focuses P , Q which is inscribed in ABCD. Then the points
KH(PQ,AC), KH(PQ,BD), KH(PQ,EF ) are collinear.
Theorem 11.4. Consider any triangle ABC with the orthocenter H and the circumcenter
O. Let OH meet the sides of ABC at A′, B′, C ′, respectively. Let AA1, BB1, CC1 be
the altitudes of ABC. Consider the isogonal conjugation A2 of A1 wrt AB
′C ′. Similarly
define B2, C2. Then the points O, H, A2, B2, C2 lie on the same circle.
12. Magic triangle of facts
Consider some geometric fact F , so we can build a triangle F1F2F3 from three copies
of this fact and look on the nice properties of the resulting configuration.
F1
F2
F3
F1 ∼= F2 ∼= F3 ∼= F
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Theorem 12.1 (Feuerbach’s Magic Triangle). Given a triangle ABC and let A′ be
the reflection of A wrt midpoint of BC. Similarly define B′, C ′. Let ωA, ωB, ωC be the
incircles of A′BC, AB′C, ABC ′ and πA, πB, πC be its nine - point circles. Consider
the circle ω which is internally tangent to ωA, ωB, ωC . Consider the circle π which is
internally tangent to πA, πB, πC . Then ω is tangent to π.
Theorem 12.2 (Magic Triangle related to the Simson lines). Consider any triangle
ABC and let A′, B′, C ′ be a points outside of ABC such that A, B, C lie on the sides
of A′B′C ′. Consider any line ℓ. Let PA, QA be the intersection points of ℓ with (A
′BC).
Let the Simson lines of PA, QA wrt A
′BC meet at XA. Similarly define XB, XC .
(1) Points XA, XB, XC are collinear.
(2) Let (A′BC), (AB′C), (ABC ′) are concurrent at P and A1B1C1 be the pedal tri-
angle of P wrt A′B′C ′. Then the midpoints of A1XA, B1XB, C1XC are collinear.
Theorem 12.3 (Magic Triangle related to the IMO 2011 G8). Consider any tri-
angle ABC and let A′ be the reflection of A wrt midpoint of BC. Similarly define B′,
C ′. Let H be the orthocenter of ABC, so H lies on (A′BC). Let ℓA be the tangent line
through H to (A′BC). Let the reflections of ℓA wrt sides of A
′BC form a triangle with
the circumcircle ωA. Consider the tangent point TA of (A
′BC) with ωA (they are tangent
because of IMO 2011 Problem G8). Similarly define TB, TC . Then (TATBTC) is tangent
to (A′B′C ′).
13. Incircles in some famous constructions
In this section we will consider some famous configurations from plane geometry and
add some incircles to them.
Theorem 13.1 (Mixtilinear circles). Given a triangle ABC with the incenter I. Let
A – mixtilinear incircle is tangent to AB, AC at AB, AC , respectively. Similarly define
the points BA, BC , CA, CB. Let IA be the incenter of ICBBC and WA be the midpoint
of smaller arc BC of (ABC). Similarly define the points IB, IC , WB, WC . Then IAWA,
IBWB, ICWC are concurrent.
Theorem 13.2 (Reim’s theorem). Consider two arbitrary lines l1, l2 and let the points
A, B, C lie on l1 and the points D, E, F lie on l2. Let also given that ABDE, BCEF
are cyclic. Consider the incenters I1, I2, I3, I4, I5, I6, I7, I8 of the triangles ABD, AED,
ABE, BED, BCE, BFE, BCF , CEF , respectively. Let P = I1I8∩I2I7, Q = I4I5∩I3I6.
Then the lines l1, l2, PQ are concurrent.
Theorem 13.3 (Projectivity). Consider two arbitrary lines l1, l2 and let the points A,
B, C lie on l1 and the points D, E, F lie on l2. Also let given that AD, BE, CF are
concurrent. Let X = AE ∩DB, Y = AF ∩DC, Z = BF ∩ CE. Consider the incenters
I1, I2, I3, I4 of AXB, BZC, DXE, EZF , respectively. Then in the case when l1, l2,
I1I2 are concurrent at P we get that P lies on I3I4.
Theorem 13.4 (Feuerbach’s theorem). Consider any triangle ABC with the Feuerbach
point F . Let A′B′C ′, A1B1C1 be the midpoint triangle and the orthic triangle of ABC,
respectively. Let the incircle of ABC is tangent to its sides at A0, B0, C0. Then
(1) The incenters of FA′A1, FB
′B1, FC
′C1 lie on a circle which goes through F .
(2) The incenters of FA′A0, FB
′B0, FC
′C0 lie on a circle which goes through F .
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Theorem 13.5 (Touching circles). Given a triangle ABC, let the circle ωA through B,
C is tangent to the incircle of ABC and meet AB, AC second time at AB, AC , respectively.
Consider the intersection A′ = BAC ∩CAB and let IA be the incenter of A
′BC. Similarly
define IB, IC . Then AIA, BIB, CIC are concurrent.
Theorem 13.6. Given a cyclic quadrilateral ABCD. Let P = AB∩CD, Q = BC∩AD.
Let lP be the angle bisector of ∠APD and lQ be the angle bisector of ∠AQB. Let lP
meet AD, BC at X, Y and lQ meet AB, CD at Z, W , respectively. Then the external
homothety center of the incircles of the triangles DXW , BY Z lies on PQ.
C
D
A
B
Q
P
Z
Y
X
W
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Theorem 13.7 (Isogonal conjugation). Consider two isogonal conjugated points P ,
Q of a triangle ABC. Let Ha be the external homothety center of the incircles of BCP ,
BCQ. Similarly define Hb, Hc. Then Ha, Hb, Hc are collinear.
Theorem 13.8 (Arbelos). Consider any three collinear points A, B, C (B lies between A
and C) and let ΩAB, ΩBC , ΩCA be the circles with diameters AB, BC, CA, respectively.
Let the circle ω is tangent to ΩAB, ΩBC , ΩCA at C
′, A′, B′, respectively. Consider a
triangle A1B1C1 formed by the tangent lines from A
′, B′, C ′ to ω. Then the common
external tangent line to the A1 – excircle of A1B1C1 and to ΩBC is parallel to AB.
Theorem 13.9 (Confocal conics). Consider two ellipses E1 and E2 which share the
same focuses F1, F2 and let H1, H2 be two hyperbolas with the same focuses F1, F2. Let
ABCD be a quadrilateral formed by the four intersection points of Ei and Hj (A, B lie
on H1 and C, D lie on H2, respectively). Consider the incircles ω1, ω2 of the triangles
F1AB and F2CD. Then the external tangents to ω1, ω2 meet on F1F2.
E1
E2
H1
H2
F1 F2
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Theorem 13.10 (Apollonian gasket). Let given three circles Ωa, Ωb, Ωc, which are
pairwise tangent at A′, B′, C ′. Let the circle Ω is internally tangent to Ωa, Ωb, Ωc at
A, B, C. Let AB be the second intersection point of BC with Ωb, similarly define BA,
CA, AC , CB, BC . Let the line lA goes through the incenters of A
′ABB, A
′ACC, similarly
define lB, lC . Then the triangle formed by lA, lB, lC is perspective to ABC.
B′ C′
A′
A
C
B
BC
BA
CA
CB
ABAC
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14. Looks like a crown
Here we will create some crown looking-like facts.
Theorem 14.1 (Crown related to the orthocenters). Let AA′, BB′ be the altitudes of
triangle ABC. Let the perpendicular from A to A′B′ meet BB′ at B1 and the perpendicular
from B to A′B′ meet AA′ at A1. Consider the orthocenters HA, HB of ABA1, ABB1,
respectively. Let H, H ′ be the orthocenters of ABC and CHAHB. Then the lines AB,
HAHB meet on the perpendicular line from C to HH
′.
Theorem 14.2 (Crown related to the incircles). Given a triangle ABC, let its incircle
is tangent to its sides at A′, B′, C ′, respectively. Let the circle ωA with center at IA is
tangent to A′B′ at TA and also is tangent to AA
′, AB (see the picture below). Let the
second tangent line from B to ωA meet AA
′ at A1. Similarly define ωB, TB, IB and B1.
Let I be the incenter of CA′B′. Then A1TA, B1TB, IAIB, IC
′ are concurrent.
Theorem 14.3 (Crown related to the tangent circles). Given a triangle ABC with
the incircle ω. Let the circle Ω goes through B, C and is tangent to ω. Let Ω meet CA,
CB second time at B′, A′, respectively. Consider the circle ωA which is tangent to AA
′,
AB and is internally tangent to Ω. Let the second tangent line from B to ωA meet AA
′ at
A1 and also meet Ω second time at A2. Similarly define B1, B2. Then A
′B′, A1B1, A2B2
are concurrent.
Theorem 14.4 (Crown related to the isogonal conjugation). Given a triangle ABC
and let P be any point on its Neuberg cubic. Let A1 be the isogonal conjugation of A wrt
BPC. Consider the intersection point A′ of BC, PA1. Similarly define B1, B
′. Consider
the intersection points A2, B2 of A
′B′ with A1B, B1A, respectively. Let A
′
1, B
′
1, A
′
2, B
′
2 be
the isogonal conjugations of A1, B1, A2, B2 wrt ABC. Let PC = A
′
1B
′
1 ∩A
′
2B
′
2, similarly
define PA, PB. Then PA, PB, PC are collinear.
A B
C
HH
′
HB
HA
B1
A1
ORTHOCENTERS
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A
B
C
B1
A1
I
TB
TA
C ′
IB
IA
INCIRCLES
A
B
C
B1
A1B
′
A′
B2
A2
TANGENT CIRCLES
C
A B
B1
B2
A1
A2
B′
A′
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